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Universal localization-delocalization transition in chiral-symmetric Floquet drives
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Periodically driven systems often exhibit behavior distinct from static systems. In single-particle, static
systems, any amount of disorder generically localizes all eigenstates in one dimension. In contrast, we show
that in topologically nontrivial, single-particle Floquet loop drives with chiral symmetry in one dimension, a
localization-delocalization transition occurs as the time t is varied within the driving period (0 � t � Tdrive). We
find that the time-dependent localization length Lloc(t ) diverges with a universal exponent as t approaches the
midpoint of the drive: Lloc(t ) ∼ (t − Tdrive/2)−ν with ν = 2. We provide analytical and numerical evidence for
the universality of this exponent within the AIII symmetry class.
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I. INTRODUCTION

The interplay of disorder and topology can produce
localization-delocalization transitions in both undriven (static)
and driven (Floquet) systems. This phenomenon is partic-
ularly prominent in low-dimensional systems, in which the
tendency of disorder to lead to Anderson localization is
strongest.

Let us recall an illustrative example from static systems.
In the integer quantum Hall effect plateau transition [1], there
is a conflict between disorder, which favors localization, and
a nontrivial value of a topological index, which forbids com-
plete localization. Indeed, the nonzero Chern number implies
that each Landau band must include a delocalized state (at
some energy Ec), while the remaining states are generically lo-
calized by disorder [2]. As the energy E crosses the transition
point Ec, the localization length Lloc diverges on both sides as
Lloc ∼ 1/|E − Ec|ν with a universal exponent ν whose precise
value remains controversial [3].

In the periodic table of static topological insulators and
superconductors [4], localization-delocalization transitions
have been studied in various Altland-Zirnbauer symmetry
classes [5–8]. In the case of the chiral-symmetric class
(AIII) in one spatial dimension, a localization-delocalization
transition at zero energy has been shown to accompany a
topological phase transition [9] (see also Refs. [8,10] for
the 3D case). Furthermore, broader theoretical approaches
to localization-delocalization transitions have been pro-
posed, including a nonperturbative transfer-matrix method for
quasi-one-dimensional systems in several symmetry classes
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[11] and a random Dirac Hamiltonian method for the full
periodic table [12].

Localization-delocalization transitions have also been
studied in Floquet systems. Examples include the Floquet
topological Anderson insulator [13–15], discrete-time quan-
tum walks [16–20] (which are closely related to Floquet
systems and which have also been proposed as a means
to realize static topological phases [21]), and an effective
Hamiltonian theory for disorder-induced transitions from
topologically nontrivial to trivial phases [22]. Let us also
mention Ref. [23], which finds, in the one-dimensional
driven Rice-Mele model, a transition similar to the in-
teger quantum Hall plateau transition. Indeed, Ref. [23]
finds a localization-delocalization transition from a topolog-
ically nontrivial phase to a trivial phase at a critical value
of disorder strength W = Wc; furthermore, the localization
length of the Floquet states diverges as Lloc ∼ (W − Wc)−β

with β � 2.
When prior work on localization-delocalization phenom-

ena in the Floquet (or quantum walk) case has considered
symmetries [16–19,24], the focus has generally been on the
symmetries of the Floquet Hamiltonian HF , which deter-
mines the time evolution operator for a single driving period.
For instance, chiral symmetry C imposes the requirement
CHFC−1 = −HF [25]. However, a full account of topolog-
ical possibilities in Floquet systems requires consideration
of further details of the drive beyond HF ; indeed, a topo-
logically nontrivial drive can occur even if HF acts as the
identity operator in the bulk (see Ref. [26] and references
therein). In the periodic table of Floquet topological insulators
[27], the symmetries used in the classification relate the time-
dependent Hamiltonian H (t ) to itself at another time, e.g.,
CH (t )C−1 = −H (Tdrive − t ) for chiral symmetry (where Tdrive

is the driving period). We therefore propose to study, in one
particular entry in the periodic table, the interplay of topology
and of disorder that respects the appropriate time-dependent
symmetry constraint.
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The main result of this paper is a universal localization-
delocalization transition for disordered, topologically nontriv-
ial, single-particle Floquet drives in the chiral-symmetric class
in one spatial dimension. We consider the time-dependent
localization length Lloc(t ) of a time evolution operator that
represents the intrinsically dynamical part of the time evo-
lution operator for the drive (see next paragraph), and
we find that Lloc(t ) diverges with a universal exponent at
a particular t within the driving period. As in the inte-
ger quantum Hall plateau transition, we have a topological
obstruction to localization at a particular value of some pa-
rameter, which then leads to a localization-delocalization
transition as that parameter is varied. Unlike the quantum Hall
case or the one-dimensional class AIII static case (Ref. [9]
mentioned above), here the parameter is time and the tran-
sition occurs throughout the (quasienergy) spectrum. Also,
the transition we find does not seem to be a topological
phase transition; see Sec. II B below for more discussion of
this point.

To give a more detailed statement of our result, we re-
call first that any drive can be decomposed (uniquely up to
homotopy) into two component drives: a static drive and an
intrinsically dynamical “loop” drive Uloop(t ) (0 � t � Tdrive),
where the latter by definition is equal to the identity at both
t = 0 and Tdrive [27]. The decomposition can be done such
that the loop component Uloop inherits the symmetries of the
originally given drive, in this case chiral symmetry. Our focus
is entirely on the loop component Uloop, which we emphasize
contains the intrinsically dynamical possibilities for topology.
Assuming Uloop to realize the simplest possibility for topolog-
ical nontriviality—a value of 1 for the appropriate topological
index [28]—we study the time-dependent localization length
Lloc(t ) of Uloop(t ) [29]. We argue that the chiral symmetry
and topological nontriviality require delocalization at the mid-
point of the drive (t = Tdrive/2). Since we are considering one
spatial dimension, we can expect complete localization at all
other times t , since there is no topological protection there.
Our main claim is that there is a universal exponent for the
transition that occurs as t approaches Tdrive/2 from either side:
Lloc(t ) ∼ |t − Tdrive/2|−ν with ν = 2. The localization length
generally depends on the quasienergy and on the disorder, but
we claim that generically these only appear in the prefactor
and not the exponent.

Our work is not directly motivated by experiment, and
indeed it may be expected that both the loop decomposition
and the requirement for the disorder to obey a time-dependent
symmetry would present challenges to detecting the diverging
localization length in a real system. One possibility for exper-
imental realization is the close connection between Floquet
drives and discrete-time quantum walks. Also, the transition
we find here could serve as a theoretical toy model for other
transitions.

The particular disordered Floquet drive that we use as an
example for our calculations has been studied in an equivalent
form in the context of discrete-time quantum walks [19,20],
as we discuss in more detail in the main text. Our claim of
the universal transition for a class of drives goes beyond prior
work to our knowledge. Preliminary work toward the results
of this paper was reported by some of the present authors in
Refs. [30,31].

The paper is organized as follows. In Sec. II, we review the
topological classification of noninteracting Floquet drives and
the symmetry class AIII that is our main focus. We then state
our main result, clarify the role of chiral-symmetric disorder,
and discuss a possible wider scope for the universal exponent
(as well as some “fine-tuned” exceptions). In Sec. III, we
present analytical and numerical calculations illustrating the
universal exponent in several examples of class AIII drives.
In Sec. IV, we present a more general argument for the uni-
versal exponent. We conclude in Sec. V with some ideas for
investigating many-body localization in class AIII drives that
include interactions.

II. DISORDERED, CHIRAL-SYMMETRIC DRIVES
IN ONE DIMENSION

A. Preliminary discussion

Periodically driven (Floquet) systems are described by
a time-periodic Hamiltonian H(t ) with a period Tdrive, so
H(t + Tdrive) = H(t ). Throughout, we consider real-space lo-
cal Hamiltonians, i.e., the matrix elements in position space
must be upper bounded by some decaying exponential. The
unitary time evolution operator U (t ) is given by the usual
time-ordered expression U (t ) = T exp[−i

∫ t
0 dt ′ H(t ′)]. Note

that U (t ) need not be periodic, even though H(t ) is.
Noninteracting Floquet topological insulators have been

classified into a periodic table [27] (see Ref. [26] for a re-
view) using the Altland–Zirnbauer symmetry classification.
In particular, Floquet drives are separated into ten symmetry
classes based on the presence or absence of time-reversal,
particle-hole, and chiral symmetry, and the full topological
classification depends on the symmetry class and the number
of spatial dimensions. We focus on 1D class AIII systems, i.e.,
those with chiral symmetry only. This is the simplest case in
which a topologically nontrivial Floquet phase can occur.

By definition, class AIII drives satisfy

CH(t )C−1 = −H(Tdrive − t ), (2.1)

where C denotes the chiral symmetry operator, which satis-
fies C2 = CC† = C†C = 1 and Tr C = 0. The corresponding
unitary evolution U (t ) inherits a symmetry property (see Ap-
pendix A of Ref. [27]):

CU (t )C−1 = U (Tdrive − t )U†(Tdrive). (2.2)

We suppose that our Floquet drive acts on a one-dimensional
lattice with basis states |n, α, s〉, where n is a site index taking
on integer values, α = A or B is a sublattice index on which
the chiral symmetry acts, and s stands for any other on-site
degrees of freedom. The chiral symmetry operator can be
written as

C = τ z, (2.3)

where τ z is the Pauli matrix acting on the sublattice index (and
acting as the identity on the other indices).

Our focus in this work is on topological properties that are
uniquely dynamical, i.e., not simply inherited from a static
Hamiltonian. For this reason, we find it convenient to use
the technique introduced in Ref. [27] (see also Ref. [28]) of
decomposing a generic drive into a particular combination of
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time evolution by a static Hamiltonian and time evolution by
a loop drive.

To present the loop decomposition, we first recall the
definition of composition of two drives. Consider two chiral-
symmetric drives U1(t ) and U2(t ) (0 � t � Tdrive) which are
generated by time-dependent Hamiltonians H1(t ) and H2(t ).
The composition operation [27], denoted ∗, produces a new
chiral-symmetric drive U (t ) with the same period; suppress-
ing t , we write U ≡ U1 ∗ U2. By definition, the drive U is
generated by a time-dependent Hamiltonian H ≡ H1 ∗ H2

given by

H(t ) =

⎧⎪⎨⎪⎩
2H2(2t ) 0 � t < Tdrive/4

2H1(2t − Tdrive/2) Tdrive/4 � t � 3Tdrive/4

2H2(2t − Tdrive) 3Tdrive/4 < t � Tdrive.

(2.4)
It is readily verified that H(t ) satisfies the chiral symmetry
property (2.1).

A loop drive is one that begins and ends at the identity
when the system has periodic boundary conditions (or is in-
finite): Uloop(t = 0) = Uloop(t = Tdrive) = 1. A static drive is
one generated by some time-independent Hamiltonian Hstatic:

Ustatic(t ) = e−iHstatict . (2.5)

As shown in Ref. [27], an arbitrary chiral-symmetric drive
U (t ) is homotopic to the composition of some chiral-
symmetric loop drive Uloop(t ) and some static drive Ustatic(t ):

U ≈ Uloop ∗ Ustatic, (2.6)

where Uloop and Ustatic are unique up to homotopic equiva-
lence. We will focus on a canonical choice defined by taking
Uloop(t ) to be generated by Hloop(t ) and Ustatic(t ) to be as in
Eq. (2.5), with

Hloop = H ∗ (−HF ), (2.7a)

Hstatic = HF , (2.7b)

where HF is the Floquet Hamiltonian for the drive [U (Tdrive) =
e−iHF Tdrive ]. Since our interest is in t near the midpoint, let us
note here that the above equations readily yield (for Tdrive/4 �
t � 3Tdrive/4)

Uloop(t ) = U (2t − Tdrive/2)e−iHF Tdrive/2. (2.8)

We recall here that the loop decomposition requires the
endpoint unitary U (Tdrive) to have, in the translation-invariant
case, a spectral gap at quasienergy ε = π . We are interested
in the disordered case, so we can expect that U (Tdrive) has
only localized states and no spectral gap. However, the en-
tire spectrum is then a mobility gap, and a mobility gap at
ε = π should suffice for doing the loop decomposition (see
Refs. [27,32]).

The decomposition (2.6) is essential to this work, as our
focus throughout is on the localization properties of the
loop component of the given drive U (t ). From now on,
we simplify the notation by writing the loop component as
Uloop(t ) ≡ U (t ).

We are interested in drives for which the loop component is
topologically nontrivial. To state this condition precisely, we
now review the chiral flow, the topological index introduced

in Ref. [28] for the loop component of class AIII drives in one
dimension. We first recall the flow index (the topological in-
dex for unitary operators without symmetry in one dimension
[33]), which is used in the definition of the chiral flow.

Given a unitary matrix U acting on an infinite one-
dimensional lattice, with matrix elements Una,n′a′ (where n
is the lattice site index and a labels any on-site degrees of
freedom), the flow index of U is defined as

ν(U ) =
∑
n�n0
n′<n0

∑
a,a′

(|Una,n′a′ |2 − |Un′a′,na|2), (2.9)

where the site n0 is arbitrary [and ν(U ) is in fact independent
of n0]. The flow index is quantized to integer values and may
be understood as the net current passing through any site n0.
For example, the operator that translates by a certain integer
has a flow index equal to that integer (e.g., the mapping |n〉 →
|n + 1〉 has a flow index of 1).

To apply the flow index to a class AIII drive, we note
that the loop component of the drive inherits the same chiral
symmetry property (2.2), which simplifies due to the loop
property to

CU (t )C−1 = U (Tdrive − t ). (2.10)

Due to this symmetry, the midpoint of the loop part of the
drive is a special point; in particular, we have the following
useful relation [28]:

CU (Tdrive/2)C−1 = U (Tdrive/2). (2.11)

Recalling the form (2.3) of the chiral symmetry operator,
we see that Eq. (2.11) constrains the time evolution at the
midpoint to the block diagonal form

U (Tdrive/2) =
(

UAA 0
0 UBB

)
. (2.12)

We may then consider the flow index of the two components
UAA and UBB. Since the time evolution operator at the mid-
point is generated (by assumption) by a local Hamiltonian, it
follows that ν[U (Tdrive/2)] = 0 [34,35]. From the additivity
of the flow index [34], we then see that the flow indices of the
two components sum to zero: ν(UAA) + ν(UBB) = 0. Either of
the two may be taken as the definition of the chiral flow of the
loop drive U (t ). We follow the convention that the chiral flow
is the flow index of the A component [28]:

νchiral[{U (t )}] = ν[UAA]. (2.13)

We are interested in topologically nontrivial drives, so we
assume that the chiral flow is nonzero. More specifically,
our numerics and analytical arguments focus on the case of
νchiral[{U (t )}] = 1. Let us note here that a drive with unit
chiral flow can be generated by a local Hamiltonian, as shown
by the explicit model introduced in Ref. [28] (and reviewed
below in Sec. III); in contrast, no local Hamiltonian can
generate a unitary with nonzero flow index in one dimension
[34,35].

B. Universal localization-delocalization transition

It is well-known that in one dimension, the eigenstates of a
disordered, static Hamiltonian are generically localized. We
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can expect the same to be true for eigenstates of U (t ) for
a generic value of the time t . However, we argue that the
midpoint of the drive (t = Tdrive/2) is topologically protected
from localization by our assumption that the chiral flow is
nonvanishing. (We do not yet make the more specific assump-
tion that the chiral flow is equal to one.)

In particular, we present two independent arguments for the
following claim: at almost any quasienergy ε in the spectrum
of U (Tdrive/2), there must exist a delocalized eigenstate. We
have checked this claim, sometimes analytically and some-
times numerically, in a variety of cases (see below). A related
analysis will be presented elsewhere [36].

Due to the diagonal structure of Eq. (2.12), our claim re-
duces to the statement that a local unitary operator U ′ (which
represents either UAA or UBB) with nonzero flow index must
have delocalized states throughout its quasienergy spectrum.
To sketch our first argument, we start by recalling that all
U ′ with the same nonvanishing flow index are homotopic
to a translation operator (which translates by a number of
sites equal to the value of the flow index) [34]. A transla-
tion operator indeed has delocalized eigenstates throughout its
spectrum, and furthermore these states are chiral, so they are
perturbatively robust, similar to the edge states in a quantum
Hall system.

For our second argument, we appeal to the general expec-
tation that mobility edges are not found in one dimension.
Here we ignore the known exceptions of correlated disorder
and quasiperiodic systems [37] because our focus is on the
generic case. Thus, it should suffice to show that U ′ must have
a delocalized state at some quasienergy. To show this, we write
U ′ in its eigenbasis:

U ′ =
∑

ε

e−iεTdrive/2 |�ε〉 〈�ε | . (2.14)

If every eigenvector |�ε〉 is localized, then we can take the
logarithm of Eq. (2.14) to obtain a local Hamiltonian HF that
generates U ′ (via U ′ = e−iHF Tdrive/2). But a unitary operator
that is generated by a local Hamiltonian must have zero flow
index [34,35], in contradiction to our starting assumption.
Thus, we conclude that some eigenvector |�ε〉 must be delo-
calized (hence one expects all eigenvectors to be delocalized).

To set up the statement of our main claim, let us write the
eigenstate equation for U (t ) explicitly:

U (t ) |�ε (t )〉 = e−iεt |�ε (t )〉 , (2.15)

where ε is the quasienergy and where the t dependence in
|�ε (t )〉 is a label associating this state to U (t ) (not an indi-
cation of time evolution by the time-dependent Schrodinger
equation). Since we are considering an infinitely large, disor-
dered system, the quasienergy spectrum of U (t ) is gapless for
all t .

Let us emphasize that we are focusing on the time evo-
lution operator U (t ) with arbitrary t , not necessarily the full
period (t = Tdrive). One perspective on this is to consider a
discrete-time process in which U (t ) is the operator for im-
plementing a single time step; in other words, any given t
is considered to be the full period. The properties of the
eigenstates of U (t ) would have implications for this discrete-
time process. It is in the same spirit that we use the term
“quasienergy” in reference to the spectrum of U (t ).

We write the localization length of |�ε (t )〉 as Lloc(t ), sup-
pressing the dependence on ε. According to our arguments
above, Lloc(t ) is infinite for t = Tdrive/2 and finite otherwise.
For a drive with νchiral[{U (t )}] = 1, we claim that the localiza-
tion length diverges with a universal exponent as t approaches
the midpoint:

Lloc(t ) ∼ 1

(t − Tdrive/2)ν
(ν = 2). (2.16)

Equation (2.16) is the main claim of this paper. The con-
stant of proportionality is nonuniversal and generally depends
on the quasienergy; however, the exponent ν = 2 holds
throughout the quasienergy spectrum. We emphasize that the
localization length we are considering corresponds to the in-
stantaneous eigenstates of the loop part U (t ) ≡ Uloop(t ) of the
original drive.

We argue that the exponent of ν = 2 is generic for
loop drives in class AIII with νchiral[{U (t )}] = 1, albeit
with certain fine-tuned exceptions that we discuss below in
Sec. II D.

Before presenting more detailed arguments, let us mention
that there is a simple way to obtain the exponent ν = 2,
granting the assumption (which our calculations below sup-
port) that the Lyapunov exponent 1/Lloc(t ) is an analytic
function at t = Tdrive/2. Due to the topological argument we
discussed above, the expansion of 1/Lloc(t ) about the point
t = Tdrive/2 can have no zeroth order term; then there can
be no linear term because the Lyapunov exponent cannot be
negative. Thus, this simple argument yields the series starting
generically at quadratic order, which is precisely (2.16). Our
more detailed argument in Sec. IV can be roughly summa-
rized as showing that, under some simplifying assumptions,
the Lyapunov exponent is given at the leading order by a
second-order polynomial in variables that start at linear order
in t − Tdrive/2.

Let us also comment here on the similarities and dif-
ferences between our work and the integer quantum Hall
effect plateau transition. In both cases, we have a varying
parameter (time t or energy E ) and a topological index (the
chiral flow or the Chern number) that is associated with a
range of values of the parameter (the driving period or the
bandwidth). The eigenstates are localized at all values of the
parameter except for some critical value (Tdrive/2 or Ec), where
delocalization must occur due to the index being nonzero. A
localization-delocalization transition therefore occurs as the
parameter crosses the critical value. One crucial difference is
that the quantum Hall case has a topological phase transition,
while our case, as far as we know, does not. The quantum
Hall case is a static problem, so a topological phase can be
defined by the index of the ground state, and thus a topo-
logical phase transition occurs as the Fermi energy crosses
Ec (since the extended state carries the Chern number). In a
Floquet problem, though, it is not clear what could play the
role of the ground state or Fermi energy. Another difference
is that there is a noninteger delocalization exponent in the
quantum Hall case (in particular, the Lyapunov exponent is
nonanalytic at E = Ec); in our case, we have a scattering argu-
ment that yields analyticity at t = Tdrive/2 and thus an integer
exponent.
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C. Chiral-symmetric disorder in loop drives

In this section, we clarify the role of disorder in our setup.
Our main claim (2.16) is meant to apply to any particu-
lar drive, i.e., the thermodynamic limit of a single disorder
realization (as long as the realization is suitably generic).
For calculations, we find it convenient to use the idea of
self-averaging from the theory of disordered systems, which
refers to the fact that for appropriately chosen physical quan-
tities, the relative fluctuations over an ensemble of disorder
realizations vanish in the thermodynamic limit. For these
quantities, the value in any particular system can also be ob-
tained by averaging over an ensemble of disorder realizations.
Note that the localization length that we have discussed above
is really the thermodynamic limit of a size-dependent localiza-
tion length and, furthermore, this quantity may be expected to
be self-averaging.

Our basic assumption is that the given drive U (t ) is in
some sense a disordering of an underlying translationally in-
variant (“clean”) drive Uclean(t ). According to self-averaging,
we could determine properties of a particular, generic U (t )
by averaging over an ensemble of disorder realizations (each
chiral-symmetric) of Uclean(t ); however, this is inconvenient
for calculations because we would then need to do the decom-
position (2.6) on each member of the ensemble.

We instead proceed as follows: we do the decomposi-
tion (2.6) on U (t ) and on Uclean(t ) to yield loop drives
U (t ) and Uclean(t ), respectively. We then regard U (t ), which
is a particular drive, as a member of an ensemble of dis-
orderings of Uclean(t ). Each member of the ensemble is a
chiral-symmetric loop drive. By considering a range of pos-
sible disorder distributions in such an ensemble, we expect
that properties of a generic starting drive U (t ) are being
probed.

We now present, for use in our subsequent calculations
in specific example models, one particular way of adding

disorder to a given translationally invariant, chiral-symmetric
loop drive Uclean(t ). We provide this construction because it
is not immediately obvious how to include disorder that re-
spects the required properties, even if one is given the explicit
Hamiltonian Hclean(t ) that generates Uclean(t ); disordering the
parameters of Hclean(t ) generally results in a drive that fails
to satisfy the chiral symmetry requirement, the loop condi-
tion, or both. After presenting this particular construction for
including disorder, we discuss some general properties of a
disordered drive that hold regardless of the precise way the
disorder is included.

Our construction takes as given, in addition to the
chiral-symmetric Hamiltonian Hclean(t ) with period Tdrive that
generates Uclean(t ), a static disordered Hamiltonian Hd that
commutes with the chiral symmetry operator:

C−1HdC = Hd . (2.17)

Note that this condition is equivalent to Hd being block diag-
onal in the A-B basis. We further assume that Hd → 0 in the
limit of no disorder.

We choose an arbitrary constant time T0 > 0 and define a
new drive H (t ) with a period of Tdrive + T0:

H (t ) =

⎧⎪⎪⎨⎪⎪⎩
Hd 0 < t < T0/2

Hclean(t − T0/2) T0/2 � t � Tdrive + T0/2

−Hd T0/2 + Tdrive < t � Tdrive + T0,

(2.18)

with H (t + Tdrive + T0) = H (t ). The time evolution operator
from t = 0 to any t ∈ [0, Tdrive + T0], expressed in terms of
Uclean(t ) and Hd , is

U (t ) ≡ T exp

(
−i

∫ t

0
dt ′ H (t ′)

)
(2.19a)

=

⎧⎪⎪⎨⎪⎪⎩
e−iHd t 0 < t < T0/2

Uclean(t − T0/2)e−iHd T0/2 T0/2 � t � T0/2 + Tdrive

eiHd (t−Tdrive−T0 ) T0/2 + Tdrive < t � Tdrive + T0,

(2.19b)

where we have used the loop condition Uclean(Tdrive) = 1. It is
readily verified that U (t ) is a chiral-symmetric loop drive; in
particular, H (t ) satisfies (2.1) (with the period increased from
Tdrive to Tdrive + T0) and U (Tdrive + T0) = 1.

For convenience, we now take a limit so the disordered
drive has the same period as the clean drive. To do this, we
send T0 → 0 with Hd scaling with T0 in such a way that Hd T0

remains fixed. We thus obtain a disordered unitary operator

Ud = lim
T0→0

Hd T0 fixed

e−iHd T0/2, (2.20)

and we may write the disordered drive with a period of Tdrive:

U (t ) = Uclean(t )Ud (0 � t < Tdrive). (2.21)

Equation (2.21) is to be understood as shorthand for the limit
of Eq. (2.19b). In particular, it is understood that if t is set
exactly to Tdrive, then an additional factor of U †

d appears mul-
tiplying Uclean(Tdrive) = 1 on the left, which restores the loop
condition [U (Tdrive) = 1]. Then the chiral symmetry relation
(2.1) holds due to CUdC−1 = Ud , which follows from the
assumption that Hd commutes with C.
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We next present an alternate approach in which the disor-
dered drive is not explicitly constructed, but instead expanded
about the midpoint of the drive (which is the regime of in-
terest for the universal exponent). This approach clarifies the
assumption we make that the drive is generic; indeed, we
show that if a certain fine-tuned condition is satisfied, then
the localization length may diverge with an exponent greater
than 2.

A general drive may be expanded about the midpoint (t =
Tdrive/2) in powers of 	t :

U (Tdrive/2 + 	t )

= [1 − iH (Tdrive/2)	t + O((	t )2)]U (Tdrive/2). (2.22)

If H (t ) is piecewise smooth with a discontinuity at Tdrive/2,
then H (Tdrive/2) here is replaced by its right (left) limit as t →
Tdrive/2 when 	t is positive (negative).

The expansion (2.22) provides an alternate way to probe
the ensemble of allowed disorderings of a given translation-
invariant loop drive Uclean(t ). The disordered drive U (t ) must
at least respect the chiral symmetry and the loop property, in
addition to reducing to Uclean(t ) in the absence of disorder.
It may be difficult to find explicit examples [aside from the
construction (2.21) that we have already provided] of U (t )
that satisfy these properties; however, we know that any valid
U (t ) has some U (Tdrive/2) and H (Tdrive/2) [with U (Tdrive/2)
satisfying the symmetry relation (2.11)], which reduce to the
corresponding terms for Uclean(t ) in the absence of disorder.
We expect, then, that for t near the midpoint, we can probe
the ensemble of allowed disorderings of the drive Uclean(t ) by
specifying various disordered operators that act on the same
Hilbert space as Uclean(t ) and then assuming these operators to
be U (Tdrive/2) and H (Tdrive/2) of some U (t ). We can then use
the expansion (2.22) without knowing the full form of U (t ).

We do not pursue the problem of completing the drive, i.e.,
constructing a chiral-symmetric loop drive U (t ) for all t that
recovers the given U (Tdrive/2) and H (Tdrive/2). However, we
expect that some chiral-symmetric loop drive completion can
always be found.

D. Exceptions to the universal exponent and further generality

Here we identify a necessary condition for the exponent
to be ν = 2. We argue that this condition should hold for
a generic drive (with possible fine-tuned exceptions). This
discussion naturally leads us to a wider setting, not necessarily
connected to chiral-symmetric drives, in which we claim that
our main result (2.16) holds.

Note first that we can decompose any operator O into parts
that commute and anticommute with the chiral symmetry
operator:

O = O− + O+, (2.23)

where [O−, C] = {O+, C} = 0. Applying this to O = H (t ),
we see that the anticommuting part of the chiral symmetry
equation (2.1) for t = Tdrive/2 + 	t yields

H+(Tdrive/2 + 	t ) = H+(Tdrive/2 − 	t ), (2.24)

where 	t is arbitrary. In particular, H+(t ) is continuous at t =
Tdrive/2, so we can consider H+(Tdrive/2) without needing to
distinguish the left and right limits.

We will assume, as part of the definition of a drive being
generic, that the anticommuting part of the Hamiltonian at the
midpoint is nonvanishing:

H+(Tdrive/2) �= 0. (2.25)

Note that there is no symmetry that requires this term to van-
ish. If instead H+(Tdrive/2) = 0, then the 	t correction term in
the expansion (2.22) commutes with C; then, U (Tdrive/2 + 	t )
remains block-diagonal in the A-B basis up to corrections of
order (	t )2. The block-diagonal structure preserves the topo-
logical protection to another order, and hence the localization
length exponent ν can be larger than 2 in this case.

More generally, we expect the exponent ν = 2 to hold
whenever we have a family of drives that can be expanded
in the form of Eq. (2.22). In particular, let Ũ be any local
unitary operator (not drive) that takes the block-diagonal form
of (2.12) in some basis. Suppose that the flow indices of the di-
agonal components satisfy ν(UAA) = −ν(UBB) = 1. Consider
the family of time evolutions defined by

Ũ (	t ) = T exp

[
−i

∫ 	t

0
dt ′ H (t ′)

]
U0, (2.26)

where H̃ (t ) is some local Hamiltonian with no symmetries
assumed. Then we have the following expansion for small 	t :

Ũ (	t ) = [1 − iH (	t = 0)	t + O((	t )2)]Ũ0. (2.27)

We claim that the localization length Lloc of Ũ (	t ) follows the
same exponent (2.16) provided that the condition analogous to
(2.25) holds, i.e.,

{H (	t = 0), τ z} �= 0, (2.28)

where τ z is the Pauli matrix acting on the space in which Ũ0

is block diagonal.

III. EXAMPLE DRIVES WITH THE UNIVERSAL
EXPONENT

We now provide several example class AIII drives in which
we find that the delocalization exponent is 2. The starting
point in these examples is a clean drive previously introduced
in Ref. [28]. With on-site disorder included, we demonstrate
rigorously that the exponent is ν = 2 by using a result from
the mathematics literature on products of random matrices
[38]. In the special case of full phase disorder, we obtain an
analytical result for the localization length at any time t in
the drive, which agrees with results found in similar models
that have been studied in the context of discrete-time quantum
walks. We then allow disorder that couples neighboring sites
within dimers, and we find that our prediction of ν = 2 is
consistent with transfer matrix numerics. Finally, we intro-
duce disorder with exponential decay in position space, and
we find that our prediction of ν = 2 is consistent with exact
diagonalization numerics. For further numerical checks, see
Ref. [30].

We begin by recalling the drive introduced in Ref. [28]. The
model is a Floquet version of the Su-Schrieffer-Heeger (SSH)
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FIG. 1. The two quasienergy bands ε±(k) of the clean SSH-type
drive. For any |	t | < Tdrive/4, there is a gap, except at the midpoint
of the drive (	t = 0, ε±(k) = ±2|k|/Tdrive). Here we have included
the dimensionful factor Tdrive that we usually set to 2π .

model [39], and will be referred to hereafter as the SSH-
type drive. The drive occurs on an infinite one-dimensional
bipartitate lattice with sublattice degrees of freedom labeled
A and B. The drive consists of piecewise-constant evolution
by two Hamiltonians: H1, which is an SSH Hamiltonian in
the trivial phase, and H2, which is an SSH Hamiltonian in the
topological phase. In particular, we define

H1 = 2π

Tdrive

∑
n

(|n, A〉 〈n, B| + H.c.), (3.1a)

H2 = − 2π

Tdrive

∑
n

(|n + 1, A〉 〈n, B| + H.c.), (3.1b)

where n is the site index and Tdrive is the period of the drive.
The time-dependent Hamiltonian is given by

H (t ) =

⎧⎪⎪⎨⎪⎪⎩
H1 0 � t < Tdrive

4

H2
Tdrive

4 � t � 3Tdrive
4

H1
3Tdrive

4 < t � Tdrive.

(3.2)

The time evolution operator for the drive is then given by
the usual expression Uclean(t ) = T exp[−i

∫ t
0 dt ′ H (t ′)]. As

discussed in Ref. [28], the one-dimensional AIII topological
index (the chiral flow) for this drive is equal to 1. This can be
seen by noting that the time evolution operator at t = Tdrive/2
acts separately on the A and B sublattices, and is given by

Uclean(t = Tdrive/2) =
(

T̂A 0
0 T̂ †

B

)
, (3.3)

where T̂α (α = A, B) translates the corresponding sublattice
by one unit cell to the right. Thus, the effect of the time evo-
lution operator at the midpoint of the drive is the translation
of all the A orbital amplitudes by one unit cell to the right and
the translation of all the B orbital amplitudes by one unit cell
to the left.

The quasienergy spectrum of Uclean(t ) is gapless at t =
Tdrive/2 and gapped elsewhere (Fig. 1). We present the explicit
calculation in Appendix A 2 for completeness. Alternatively,
we can read off the solution by noting that the eigenstate
problem for U (t ) [Eq. (2.15)] is equivalent to a type of
discrete-time quantum walk considered in Ref. [19]. Our pa-
rameter 	t corresponds to the coin parameter of the quantum
walk (see Appendix A 1 for details).

We note here that if the model is considered with open
boundary conditions [by restricting the sums over n to
1, . . . , N in Eq. (3.1a) and 1, . . . , N − 1 in Eq. (3.1b)], then
the time evolution operator for a full period acts as the identity
in the bulk but not at the edges. Indeed, sites at the edges (B
at n = 1 and A at n = N) gain a phase of π under evolution
by a full period [28]. This micromotion at the edges is similar
to the anomalous edge transport that occurs in the Rudner-
Lindner-Berg-Levin model in two spatial dimensions [40].

In accordance with the general arguments of Sec. II B,
we find that for a variety of disorderings of this drive, the
localization length follows the behavior (2.16). Let us note
here that the localization length can be defined in various ways
depending on the boundary conditions imposed on the model;
the different definitions can be expected to become equivalent
in the thermodynamic limit. We present explicit definitions
below.

Throughout the calculations below, we set Tdrive = 2π for
convenience. We write an eigenstate |�ε (t )〉 of U (t ) [cf.
Eq. (2.15)] as

|�ε (t )〉 =
∑

n

(�n,A |n, A〉 + �n,B |n, B〉), (3.4)

suppressing the ε and t dependence of �n,A and �n,B, and we
define

�n =
(

�n,A

�n,B

)
. (3.5)

A. On-site disorder

1. Setup

We introduce two types of disorder into the SSH-type
drive: phase disorder and bond disorder. In the case of phase
disorder only, we construct a disordered loop drive U (t ) using
the approach described above Eq. (2.21). As we see below,
phase disorder amounts to including a disordered Hamiltonian
Hd with random on-site energies. In the case of bond disorder
(possibly allowing both bond and phase disorder), we follow
the approach described by Eq. (2.22) and the discussion below
there, in which we do not explicitly construct the full loop
drive, but instead expand about the midpoint. Bond disor-
der may loosely be thought of as disorder in the hopping
amplitudes of the topologically nontrivial Hamiltonian H2 in
Eq. (3.1b).

To introduce phase disorder, we construct a disordered
unitary operator Ud and consider the drive U (t ) defined by
Eq. (2.21). The disordered unitary is

Ud =
∑

n

(
eiφn,A |n, A〉 〈n, A| + eiφn,B |n, B〉 〈n, B|), (3.6)

where φn,A and φn,B are disordered phases. In particular, we
will assume that φn,A and φn,B are each independently and
identically distributed (i.i.d.), with disorder distributions (one
for the A phases and another for the B phases) that we need
not specify at this point.
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Let us verify that Ud satisfies the required properties. To do
this, we must find a Hamiltonian Hd that commutes with the
chiral operator C and that yields Ud through Eq. (2.20). We
take Hd to consist of disordered on-site energies:

Hd = 2

T0

∑
n

(φn,A |n, A〉 〈n, A| + φn,B |n, B〉 〈n, B|). (3.7)

Then it is clear that Hd commutes with C and that Eq. (2.20)
holds.

It is straightforward to show that the eigenstate equa-
tion (2.15) is equivalent to [30]

e−iεt�n,A = cos (	t )eiφn−1,A�n−1,A + i sin(	t )eiφn,B�n,B,

(3.8a)

e−iεt�n,B = i sin(	t )eiφn,A�n,A + cos(	t )eiφn+1,B�n+1,B.

(3.8b)

This completes the setup of the SSH-type drive with phase
disorder. In this case, we have explicitly constructed a disor-
dered, chiral-symmetric loop drive that can be studied at any t
in the driving period, though our main focus is on the regime
of t ≈ Tdrive/2.

To include bond disorder, we do not explicitly construct
the full loop drive for all t , but instead expand about the
midpoint t = Tdrive/2 [see Eq. (2.22)]. We take U (Tdrive/2)
and H (Tdrive/2) as given disordered operators. We consider
U (Tdrive/2) to be as in the clean SSH-type drive with phase
disorder and H (Tdrive/2) to be H2 from the SSH-type drive
with disorder in the hopping amplitudes; that is,

U (Tdrive/2) =
∑

n

(|n + 1, A〉 〈n, A| + |n − 1, B〉 〈n, B|)Ud ,

(3.9a)

H (Tdrive/2) = −
∑

n

vn(|n + 1, A〉 〈n, B| + H.c.), (3.9b)

where Ud is given by Eq. (3.6) and where the vn variables are
i.i.d. with some distribution.

By a straightforward calculation, we find that the eigenstate
equation (2.15) is equivalent to

e−iεt�n,A = eiφn−1,A�n−1,A + ieiφn,Bvn−1	t�n,B + O((	t )2),

(3.10a)

e−iεt�n,B = ieiφn,Avn	t�n,A + eiφn+1,B�n+1,B + O((	t )2).

(3.10b)

This completes the setup of the combination of bond and
phase disorder in the approach of expanding about the mid-
point.

We next consider a more general problem that can be
specialized to either of the two setups above. In particular, we
consider the state determined by

e−iεt�n,A = eiφn−1,A cos(vn−1	t )�n−1,A

+ ieiφn,B sin(vn−1	t )�n,B, (3.11a)

e−iεt�n,B = ieiφn,A sin(vn	t )�n,A

+ eiφn+1,B cos(vn	t )�n+1,B. (3.11b)

By studying Eqs. (3.11a) and (3.11b), we can simultaneously
consider both the case of phase disorder (on a disordered loop
drive defined for all 	t) and the case of a combination of
phase and bond disorder (defined explicitly only for small 	t).
To see this, we note that setting all vn = 1 recovers Eqs. (3.8a)
and (3.8b), while expanding in 	t recovers Eqs. (3.10a) and
(3.10b).

Equations (3.11a) and (3.11b) may be brought to the fol-
lowing transfer matrix form:

�n+1 = Mn�n, (3.12)

where the transfer matrix is

Mn =
(

ei(εt+φn,A ) sec(vn	t ) i tan(vn	t )

−iei(φn,A−φn+1,B ) tan(vn	t ) e−i(εt+φn+1,B ) sec(vn	t )

)
.

(3.13)

Using the mapping to discrete-time quantum walks that
we present in Appendix A 1, we can show that the transfer
matrix (3.13) is a special case of a transfer matrix obtained in
Ref. [19]. Note that, although a 4 × 4 transfer matrix might
have been expected (since we have a bipartite lattice with
nearest-neighbor coupling), there is in fact a 2 × 2 transfer
matrix [19]. For the case of phase disorder only, Eq. (3.13)
was also obtained by some of the present authors in Ref. [30].

2. Localization length—calculation in position space

For our first calculation of the localization length for the
problem specified by Eqs. (3.11a) and (3.11b), we use a posi-
tion space approach. The time-dependent Lyapunov exponent
γ (t ) is defined by

γ (t ) = lim
N→∞

1

N
〈ln ||MN . . .M1||〉1...N , (3.14)

where the double brackets indicate a matrix norm (e.g.,
the 2-norm) and the subscripts 1, . . . , N indicate the aver-
age over all disorder variables associated with those sites
(φ1,A, . . . , φN,A, etc.). The localization length and Lyapunov
exponent are related by 1/Lloc(t ) = γ (t ).

Products of random matrices have been extensively stud-
ied in the mathematics literature. In particular, a result by
Schrader et al. in Ref. [38] can be applied to our present
problem to yield the Lyapunov exponent to the leading order
in 	t . The final result is (see Appendix A 3 a for details)

1

Lloc(t )
= 1

2

(
〈v2

n〉n + 2Re

[ 〈vn〉2
n〈eiφn,A〉n〈eiφn,B〉n

e−2π iε − 〈eiφn,A〉n〈eiφn,B〉n

])
(	t )2 + O((	t )3), (3.15)
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where n is any site and 〈. . . 〉n indicates the average over the
disorder variables of that site (φn,A, φn,B, and vn). Note that the
leading term is proportional to (	t )2. This demonstrates that
for the SSH-type drive with the on-site disorder that we have
considered in this section, our main claim [Eq. (2.16)] holds.

B. Phase disorder in dimers

As a further probe of the universality of the localization
length exponent, we introduce a type of phase disorder into the
SSH-type drive that extends beyond individual sites. We group
adjacent sites (2n − 1, 2n) (for any integer n) into dimers and
introduce phase disorder that couples the two sites within each
dimer. We find that this drive may be described by a 2 × 2
transfer matrix. We then study this transfer matrix numeri-
cally and show that the localization length has an exponent
consistent with ν = 2.

We introduce dimer phase disorder as a natural generaliza-
tion of the on-site phase disorder considered in Sec. III A. In
particular, we allow the disordered Hamiltonian Hd to include
both on-site terms and terms that couple sites within the same
dimer (i.e., the sites 2n − 1 and 2n). For Hd to commute with
the chiral symmetry operator, as is required for the construc-
tion of Sec. II C, the A amplitudes must not be coupled with
the B amplitudes. The most general such Hd acts as some
Hermitian matrix on each pair |2n − 1, A〉 and |2n, A〉, and as
another Hermitian matrix on each pair |2n − 1, B〉 and |2n, B〉.
The disordered unitary operator Ud = e−iHd T0/2 then acts as
some unitary matrix Un,A on each pair |2n − 1, A〉 and |2n, A〉,
and as another unitary matrix Un,B on each pair |2n − 1, B〉
and |2n, B〉.

We find it more convenient to formulate the problem in
terms of the matrix elements of Un,A and Un,B rather than in
terms of the parameters of Hd that generate these matrices.
Parametrizing the disordered unitary matrices as

Un,α =
(

U (1,1)
n,α U (1,2)

n,α

U (2,1)
n,α U (2,2)

n,α

)
(α = A or B), (3.16)

we then write disordered unitary operators for each dimer as

Un,α =
∑

j,m=1,2

|2n − 2 + j, α〉 〈2n − 2 + m, α|U ( j,m)
n,α ,

(3.17)
where α = A or B. The disordered unitary is then a sum over
the dimers:

Ud =
∑

n

(Un,A + Un,B). (3.18)

We do not yet specify the disorder distribution but will as-
sume that Un,A and Un,B separately are i.i.d. across the dimers
labeled by n.

Then, Eq. (2.21) defines a chiral-symmetric loop drive
U (t ) with phase disorder within each dimer, generalizing the
on-site case considered in the previous section. We now set
up the transfer matrix to do numerical calculations of the
localization length. As the calculation is lengthy, we defer
details to the Appendix and summarize the result as follows.
The eigenstate equation for the drive [Eq. (2.15)] may be
written equivalently as a transfer matrix equation involving

FIG. 2. The localization length in the SSH-type drive with the
dimer disorder described in Sec. III B. The disordered matrices Un,A

and Un,B were chosen uniformly from U (2) using the Haar measure.
The localization length at quasienergy ε is calculated according to
Lloc(t ) = γ (t )−1, wherein γ (t ) is the Lyapunov exponent defined in
Eq. (3.14), with the matrix norm chosen to be the spectral norm.
The localization length at each value of 	t is computed for ε = 0.1
using L = 106 transfer matrices. The prediction curve is a linear fit
assuming ν = 2 [i.e., 1/Lloc(t ) = c(	t )2 with fit parameter c].

two of the four amplitudes in adjacent dimers, and a second
equation that relates the amplitudes within one dimer:(

�2n+1,A

�2n+2,B

)
= Mn,dimer

(
�2n−1,A

�2n,B

)
, (3.19a)

(
�2n−1,B

�2n,A

)
= M′

n,dimer

(
�2n−1,A

�2n,B

)
. (3.19b)

The transfer matrix Mn,dimer is a function of Un,A, Un+1,A,
Un,B, Un+1,B, ε, and t (see Appendix B for the explicit expres-
sion), and the Lyapunov exponent γ (t ) is given by Eq. (3.14)
with Mn replaced by Mn,dimer. The explicit form of the other
matrix (M′

n,dimer) is not needed.
We have thus brought the problem to a transfer matrix

form, which is convenient for numerics. We calculate the
Lyapunov exponent numerically at several values of 	t , with
results consistent with our prediction of ν = 2 (see Fig. 2). It
does not seem feasible, though, to obtain an analytical answer
using the result from Ref. [38] because this result requires the
disorder to separate across the transfer matrices, whereas here
the disordered matrices Un,A and Un,B appear in both Mn,dimer

and Mn−1,dimer.

C. Longer-range disorder

As a further test of the universality of the exponent ν = 2,
we do a numerical test using a version of disorder that ex-
tends beyond dimers. In particular, we consider disorder that
decays in exponentially in real space. Due to this longer range,
we cannot set up a transfer matrix calculation. We therefore
impose periodic boundary conditions and use exact diagonal-
ization to calculate the localization length numerically (see
below).

We again define a disordered drive by Eqs. (2.20) and
(2.21), this time using a disordered Hamiltonian Hd that
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FIG. 3. Test of the universal exponent in the SSH-type drive with
the longer-range disorder obtained from Eq. (3.20). The prediction
curve is a linear fit assuming ν = 2 [i.e., 1/Lloc(t ) = c(	t )2 with fit
parameter c].

couples nearest neighbors. In particular, we take Hd to be
an independent copy of the static Anderson model (nearest-
neighbor hopping with disordered on-site energies) on each
sublattice:

Hd =
∑
n,α

εnα |n, α〉 〈n, α| − V
∑
n,α

(|n + 1, α〉 〈n, α| + H.c.).

(3.20)

Since the two sublattices are decoupled, we have the required
condition that Hd commutes with the chiral symmetry. Al-
though Hd only couples nearest neighbors, Ud extends farther
because it is obtained by exponentiating Hd . (In fact, it can be
shown that Ud must be exponentially local in real space [32].)

From Eq. (2.20), we see that the dimensionless quantities
that appear in Ud are εnαT0 and V T0. We consider uniform
on-site disorder; in particular, we take εnαT0/2 to be uniformly
distributed (independently on each site and sublattice) in
[−π, π ]. We also set V T0/2 = 1. To reduce numerical noise,
we average the localization length over all quasienergies. Due
to this averaging, we are testing a weaker version of (2.16).
The numerical results are consistent with the exponent ν = 2
(Fig. 3).

The numerical calculation of the localization length is done
as follows. At a given value of t , we consider a sequence
of system sizes L. At each L, we use exact diagonalization
to find all eigenstates of U (t ). The L-dependent localization
length Lloc(t, L) of each eigenstate |�ε (t )〉 is defined as the
root-mean-square variation in position space:

Lloc(t, L) =
√

〈�ε (t )| (X̂ − X )2 |�ε (t )〉, (3.21)

where X̂ is the position operator:

X̂ =
L∑

n=1

∑
α=A,B

n |n, α〉 〈n, α| , (3.22)

and where the mean value X is defined in the appropriate way
for periodic boundary conditions [41]:

X = L

2π
Im[ln 〈�ε (t )| e2π iX̂/L |�ε (t )〉]. (3.23)

We are interested in the localization length in the ther-
modynamic limit, that is, Lloc(t ) ≡ limL→∞ Lloc(t, L). To
calculate this, we fit the L-dependent data to Lloc(t, L) =
Lloc(t ) − ae−bL with fit parameters Lloc(t ), a, and b. (For
smaller values of L, we also average over multiple disorder
realizations.) This procedure is done for each eigenstate, and
the average of Lloc(t, ε) over all eigenstates yields a data point
in Fig. 3.

IV. SCATTERING ARGUMENT
FOR THE UNIVERSAL EXPONENT

In the thermodynamic limit, it can be expected that the lo-
calization length should not depend on the choice of boundary
conditions. We find that scattering boundary conditions (de-
fined below) are convenient for making an analytical argument
for the universality of the exponent ν = 2.

To set up the scattering problem, we write the time-
dependent Hamiltonians that generate the drives U (t ) and
Uclean(t ) as H (t ) and Hclean(t ), respectively. We assume that
the disorder in H (t ) is short-range correlated, in the following
sense: We have

H (t ) = Hclean(t ) + Hdisorder(t ), (4.1)

where

Hdisorder(t ) =
∑

n

�n(t ), (4.2)

and each operator �n(t ) is exponentially localized near the
site n. Furthermore, the decay lengths are upper bounded by
a number that is constant in the thermodynamic limit and
independent of t .

We then define a disordered “sample,” consisting of the
sites n = 1, . . . , N , by setting �n(t ) = 0 for all n � 0 and
n � N + 1. The �n(t ) operators in the sample are i.i.d. with
some probability distribution. The infinite regions to the right
and left of the sample are the “leads.” Although the matrix
elements of the corresponding unitaries, U (t ) and Uclean(t ),
need not be exactly equal, they can be expected to be asym-
potically equal: Unn′ (t ) → Uclean,nn′ (t ) far from the disordered
region (with error exponentially suppressed in the dis-
tance). This permits a scattering treatment for the eigenstate
wavefunctions of U (t ).

Let us pause here for a technical point. It would be more
natural to take the disorder to be of the form of Eq. (4.2) for the
Hamiltonian H(t ) that generates the original drive U (t ) rather
than for the Hamiltonian H (t ) that generates the loop drive
U (t ). Given the complexity of the loop decomposition, it is
not clear that Eq. (4.2) would hold in this case. However, al-
though we assume Eq. (4.2) here to make the scattering setup
clearer, it is a stronger assumption than necessary; for our
arguments below, it suffices to assume that U (t ) is amenable
to a scattering treatment (with any number of consecutive sites
being chosen to define a disordered sample). We have verified
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this assumption numerically in a simple example of the more
natural disorder setup (see Appendix C).

We fix t and consider the scattering problem for U (t ).
Incoming and outgoing waves in the leads are described by
scattering amplitudes (complex numbers), and these ampli-
tudes are related by the S matrix of the sample (a unitary
matrix denoted S1...N ). We focus on the case that the S matrix
is 2 × 2. Then, there are four scattering amplitudes that may
be labeled as �±

α (α = L, R), where + (−) refers to right-
moving (left-moving) waves and L and R refer to the left and
right leads. The scattering amplitudes are related by(

�+
R

�−
L

)
= S1...N

(
�+

L

�−
R

)
. (4.3)

Below, we argue that the 2 × 2 case suffices to cover a wide
class of drives, and we also provide a more explicit definition
of the four scattering amplitudes.

The S matrix may be parametrized by transmission and
reflection amplitudes:

S1...N =
(

t1...N r′
1...N

r1...N t ′
1...N

)
. (4.4)

In the scattering setup, localization manifests as the expo-
nential decay of the typical transmission coefficient T1...N ≡
|t1...N |2 = |t ′

1...N |2 as N increases: T (typical)
1...N ∼ e−2N/Lloc . From

the theory of disordered systems in one dimension, the distri-
bution of T1...N over disorder realizations becomes log-normal
for large N , and hence it is the average of the logarithm of the
transmission coefficient that determines the typical value. In
particular, we have

2

Lloc
= lim

N→∞
1

N
〈− ln T1...N 〉1...N . (4.5)

Unless T1...N = 0 (which we assume can only occur on a
set of measure zero among disorder realizations), the basic
relation (4.3) can also be written in terms of the scattering
transfer matrix T1...N as(

�+
R

�−
R

)
= T1...N

(
�+

L

�−
L

)
. (4.6)

The unitarity of the S matrix is equivalent to the following
pseudounitarity condition:

T †
1...Nσ zT1...N = σ z. (4.7)

For later use, let us recall here the general parametrization of
a scattering transfer matrix:

T1...N =
(

1/t∗
1...N r′

1...N/t ′
1...N

−r1...N/t ′
1...N 1/t ′

1...N

)
. (4.8)

The basic tool in our arguments below is the following
formula from Refs. [42] and [43], which (as discussed there) is
a corollary to the result from Schrader et al. [38] that we used
in Sec. III A 2. The formula applies to the case of scattering
that factorizes into a product of individual scattering events
with i.i.d. disorder. In particular, suppose that the scattering
transfer matrix of the sample can be written in the product

form

T1...N = TNs . . . T1, (4.9)

where each T j is a 2 × 2 scattering transfer matrix [i.e., it
satisfies Eq. (4.7)] and where Ns is the number of scattering
events. (In the simplest case, Ns = N , but we later consider
the more general case of Ns � N .) Suppose further that the
entries of T j ( j = 1, . . . , Ns) are i.i.d.; note that this amounts
to assuming that the disorder in U (t ) is uncorrelated in
space and sufficiently short-ranged. Let T j be parametrized
as in Eq. (4.8) (in particular, with reflection amplitudes r j

and r′
j and reflection coefficient Rj = |r j |2 = |r′

j |2). Then we
have [44]

2

Lloc
= 〈Rj〉 j − 2Re

[ 〈r j〉 j〈r′
j〉 j

1 + 〈r jr′
j/Rj〉 j

]
+ O(|r j |3), (4.10)

where the angle brackets indicate the disorder average over
any j = 1, . . . , Ns. (We emphasize that the index j generally
stands for the disorder variables of a number of consecutive
lattice sites.)

The key point is that both terms on the right-hand side are
of second order in |r j | = |r′

j |. Thus, provided we can bring
the scattering problem to the above form, it suffices to show
|r j | ∼ 	t , for then Eq. (4.10) yields the exponent ν = 2 in
Eq. (2.16).

We separate the argument into two main parts. First, we
consider a particular model: the SSH-type drive with on-site
disorder (the same model from Sec. III, now with scattering
boundary conditions). This model serves as a soluble starting
point for later generalization. We obtain the required factor-
ization into scattering transfer matrices, and we thus recover
the analytical expression (3.15) for the inverse localization
length that we obtained above using a position-space ap-
proach. In this simple problem, the number of scatterers is the
same as the number of sites in the disordered sample: Ns = N .

Second, we argue that the exponent ν = 2 can be obtained
in a wider class of drives. Here we make the following modifi-
cation (described in more detail below) to the scattering setup:
We take the sample to consist of an alternating sequence of
disordered regions and clean regions, with the disordered sites
being a fixed fraction f of the total number of sites in the
sample. Note that setting f = 1 would recover the scattering
problem as stated above. In this setting, we obtain the expo-
nent ν = 2 for any value 0 < f < 1 by taking the scatterers
in (4.9) to be the disordered regions within the sample (hence,
Ns < N in this case). Equation (4.10) becomes more difficult
to evaluate explicitly, so we do not obtain any formula for the
nonuniversal prefactor in Eq. (2.16); however, we still obtain
|r j | ∼ 	t and hence ν = 2. We also state the assumption that
would be needed to obtain ν = 2 in the limit f → 1.

A. Scattering calculation for the SSH-type drive
with on-site disorder

We consider the clean drive, as defined in Sec. III, on
an infinite lattice. It is straightforward to modify the phase
disorder and bond disorder constructions of Sec. III A to the
scattering setup, as we now show.

For phase disorder, we set the phases φn,A = φn+1,B = 0
except for n in the sample (n = 1, . . . , N). Note that the B
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phase is offset by one unit; this is done to simplify the transfer
matrices at the sample edges, and there is no effect on the
large N behavior. For bond disorder, we set vn = 0 except for
n = 1, . . . , N . Both cases can be treated at once by using the
transfer matrix defined by Eqs. (3.12) and (3.13).

We fix a time t within the drive, near but not equal to
Tdrive/2, and we consider an eigenstate |�ε (t )〉 of U (t ) with
quasienergy ε �= 0 [Eq. (2.15)]. The clean spectrum becomes
gapless as 	t → 0; for sufficiently small 	t , the spectrum is
doubly degenerate, with two momenta (k and −k) correspond-
ing to ε (see Fig. 1). The eigenstates of Uclean(t ) are Bloch
waves defined by [recalling Eqs. (3.4) and (3.5)]

�n = u(±k)e±ikn, (4.11)

where the Bloch functions u(±k) are two-component spinors
in the sublattice basis: u(±k) = (uA(±k), uB(±k)). There are
two bands; for definiteness, we take ε > 0, so we are con-
sidering the upper band. (Explicit expressions are given in
Appendix A 2.)

A scattering eigenstate can be written as a linear combi-
nation of Bloch waves in the leads. The coefficients are the
scattering amplitudes �±

α from Eq. (4.3). Thus,

�n

=
{

�+
L u(k)eik(n−1) + �−

L u(−k)e−ik(n−1) n � 1

�+
R u(k)eik(n−1−N ) + �−

R u(−k)e−ik(n−1−N ) n � N + 1.

(4.12)

Our phase conventions here (i.e., the factors of e±ik and e±ikN )
are chosen for convenience.

To obtain the factorization (4.9), we define a matrix � for
converting from the basis of scattering amplitudes to the basis
of position states:

� =
(

uA(k) uA(−k)

uB(k) uB(−k)

)
. (4.13)

We then have

�1 = �

(
�+

L

�−
L

)
, (4.14a)

�N+1 = �

(
�+

R

�−
R

)
, (4.14b)

and hence, by Eq. (3.12), we obtain the scattering transfer
matrix (4.6):

T1...N = �−1MN . . .M1�. (4.15)

We thus obtain the factorized form (4.9) with Ns = N and

Tn = �−1Mn�, (4.16)

where we have identified the scatterer index j with the site in-
dex n (because Ns = N). It is readily checked that Tn satisfies
the pseudounitary condition (4.7).

To apply Eq. (4.10), we parametrize Tn by rn, r′
n, etc., as

in Eq. (4.8). It is then straightforward to calculate rn and r′
n

and to then use Eq. (4.10) to again obtain the leading order
expression (3.15) (see Appendix A 3 b for details).

FIG. 4. The localization length Lloc(t ) at quasienergy ε = 0.57 in
the SSH-type drive with full phase disorder. The numerical results
match the analytical expression (4.18). For each value of 	t , a
single realization of disorder was used, and Lloc(t ) was calculated by
obtaining the slope s of a linear fit for − ln T̃1...N vs N [in the auxiliary
problem defined by Eq. (4.17)] and using the relation s = 2

Lloc (t ) .

There is a simpler way to recover Eq. (3.15): we note that
Mn itself satisfies the pseudounitarity condition (i.e., we have
M†

nσ
zMn = σ z). We can thus consider an auxiliary problem

which is defined by taking the scattering transfer matrix for
the sample to be

T̃1...N = T̃N . . . T̃1, (4.17)

where T̃n = Mn. The localization length must be the same as
the original problem because the scattering transfer matrices
for the sample only differ by boundary terms (see, e.g., Ap-
pendix H of Ref. [43]): T1...N = �−1T̃1...N�. We parametrize
T̃n by r̃n, r̃′

n, etc., as in Eq. (4.8). From Eq. (3.13), we see that
r̃n = −iei(εt+φn,A ) sin(vn	t ) and r̃′

n = iei(εt+φn+1,B ) sin(vn	t );
then applying Eq. (4.10) and expanding in 	t indeed recovers
Eq. (3.15).

As an aside, we consider the special case of full phase dis-
order, i.e., φn,A and φn,B are i.i.d. in [−π, π ) (and all vn = 1).
We can then calculate the localization length for arbitrary t via
the uniform phase formula [45]: 2/Lloc(t ) = 〈− ln T̃n〉n, where
T̃n is the transmission coefficient of the auxiliary problem (see
Appendix A 3 c for details). The result is

1/Lloc(t ) = | ln cos 	t |, (4.18)

which agrees with numerics (Fig. 4). An equivalent formula
to (4.18) has been obtained in related calculations for discrete-
time quantum walks [19,20].

B. Generalization to other drives

The calculation of the previous section has some features
that are not representative of the generic case. First, the dis-
ordered unitary U (t ) there only couples nearest neighbors,
while for a generic drive, U (t ) can extend further (generally
it decays exponentially). Second, the clean unitary Uclean(t ) of
the SSH-type drive is nongeneric both in its band structure and
its lack of eigenstates with complex momenta (see below).
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We argue that the universal exponent ν = 2 is still obtained
even if both of these features are relaxed. Without claiming
to establish this result rigorously, we present a sequence of
generalizations beyond the soluble model of the previous
section, indicating the assumptions needed at each step.
Mainly, we need to modify the original scattering problem
by making the disordered sample have some arbitrarily small
fraction of clean regions, and we need to make assumptions
about the band structure of Uclean(t ).

1. Beyond nearest neighbors.

Let us first consider the generalization to disorder that
connects sites beyond nearest neighbors. Here, we continue
to take Uclean(t ) to be the SSH-type drive as defined above.
We assume for now that the disordered drive U (t ) is strictly
local; that is, there some range ξstrict for which

Unn′ (t ) = 0 (|n − n′| > ξstrict ), (4.19)

where we suppress sublattice indices and any other on-site
degrees of freedom. (We later make a heuristic generalization
to the case of exponential locality.) Also, we assume that the
constant ξstrict is independent of t . The dimer disorder from
Sec. III B provides an example of a drive with ξstrict = 2.

Due to the strict locality condition (4.19), the disordered
unitary agrees exactly with the clean unitary throughout the
leads, except for regions of size ξstrict at the edges of the
sample. A scattering eigenstate can therefore be written in
the leads as a linear combination of Bloch waves, provided
that the edge regions are avoided. In anticipation of later
generalizations, let us define k± = ±k and �max = ξstrict. Then,
a scattering eigenstate of U (t ) may be written in the leads as

�n

=
⎧⎨⎩�+

L u(k+)eik+(n−1) + �−
L u(k−)eik−(n−1) n < 1 − �max

�+
R u(k+)eik+(n−N ) + �−

R u(k−)eik−(n−N ) n > N + �max.

(4.20)

The S matrix and scattering transfer matrix of the sample
are 2 × 2. We would like to use the analytical result (4.10),
but we face the difficulty that, due to the higher range of
U (t ) in the disordered region, the scattering transfer matrix
cannot be written in the factorized form (4.9) with i.i.d., 2 × 2
scattering transfer matrices Tn. (Note that a factorized form
with 2 × 2 matrices may exist, but the disorder will generally
not separate. The dimer disorder model of Sec. III B illustrates
this; though we worked in position space there, the scattering
formulation would be similar.)

We can overcome this difficulty in a modified family of
scattering problems. Before going into detail, let us state that
the basic idea is to introduce clean regions, so the sample is
replaced by an alternating sequence of disordered and clean
regions [Fig. 5(b)].

Each disordered region is effectively a new sample and, in
particular, has a 2 × 2 scattering transfer matrix. We thus ob-
tain the factorized form (4.9). Our main task in the calculation
below will be to show that we obtain the exponent ν = 2 no
matter how small a fraction of the overall sample is made up
of clean regions. Thus, although we do not address the original

FIG. 5. Schematic of our scattering setup. Dots represent clean
sites and crosses represent disordered sites. The red line indicates
the magnitude of the matrix elements of the disordered unitary U (t )
when at least one index is a disordered site. (a) The original scat-
tering problem, in which the disordered sites n = 1, . . . , N form a
disordered sample within clean leads. Here, N = 10. (b) A modified
problem, in which we insert clean regions into the sample. There are
then Ns disordered regions, each of which is a scatterer of the form
of the original problem. Here, wblock = 5, f = 2/5, and Ns = 2.

problem, we do obtain the exponent in a family of problems
that come arbitrarily close to the original problem.

We proceed to describe the setup in more detail. Consider a
sample of N lattice sites divided into blocks of size wblock. The
total number of blocks, which we write as Ns, is then given by

Ns = N/wblock. (4.21)

A parameter f ∈ (0, 1) denotes the fraction of disordered
sites within each block: the first f wblock sites of each block
are disordered (we refer to this group of sites as a disordered
region) and the remaining (1 − f )wblock sites are clean. Here,
a site n is made clean by deleting the corresponding operator
�n(t ) in Eq. (4.2). A unitary operator U ( f , t ) is then defined
by taking the time-ordered exponential of the Hamiltonian
(4.1) from 0 to t . Setting f = 1 corresponds to a sample with
no clean regions, which is the original scattering problem
[U (1, t ) = U (t )].

The idea is that the localization properties of U ( f , t )
should be similar to those of U (t ), provided that f ≈ 1. Let
us note that for f ∈ (0, 1), the modified unitary is generally
not a loop [U ( f , Tdrive) �= 1]; however, our arguments below
do not require the loop condition to hold for general f .

We proceed to define the localization length given any
fixed fraction f ∈ (0, 1) and any block size wblock. At any
t �= Tdrive/2, localization occurs and has the following effect:
If we increase Ns [with N determined by Eq. (4.21)], the
typical transmission coefficient of the auxiliary problem de-
cays exponentially in Ns. We may write this decay as Ttyp ∼
e−2Nswblock/Lloc ( f ,t ), where the factor of wblock is included so
Lloc( f , t ) is measured in units of the original lattice spacing.
(As usual, we are considering the localization length at some
quasienergy. The localization length also depends on wblock,
but below we will take wblock to be determined by f .)

We now show that at any fixed fraction f ∈ (0, 1), the
exponent ν = 2 is obtained for Lloc( f , t ). Given f , we first
fix a value for wblock that is large enough to prevent any neigh-
boring disordered regions from overlapping. In particular, we
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require

(1 − f )wblock > 2�max. (4.22)

We can then write the scattering wavefunction as a linear
combination of Bloch waves in all of the clean regions. We
follow the same phase convention as in Eq. (4.20). To do this,

it is convenient to write the leftmost and rightmost site in the
jth disordered region as

nL, j = wblock( j − 1) + 1, (4.23a)

nR, j = nL, j + f wblock − 1. (4.23b)

Then we may write, for any j = 1, . . . , Ns,

�n =
{

�+
L, ju(k+)eik+(n−nL, j ) + �−

L, ju(k−)eik−(n−nL, j ) nR, j−1 + �max < n < nL, j − �max

�+
R, ju(k+)eik+(n−nR, j ) + �−

R, ju(k−)eik−(n−nR, j ) nR, j + �max < n < nL, j+1 − �max,
(4.24)

where nR,0 ≡ −∞ and nL,Ns+1 ≡ ∞. Comparing to
Eq. (4.20), we get �±

L = �±
L,1 and �±

R = �±
R,Ns

. Also,
comparing j to j + 1 in Eq. (4.24), we get(

�+
L, j+1

�−
L, j+1

)
=

(
eik+[(1− f )wblock+1] 0

0 eik−[(1− f )wblock+1]

)(
�+

R, j

�−
R, j

)
,

(4.25)

where we have noted that nL, j+1 − nR, j = (1 − f )wblock + 1.
The scattering transfer matrix that relates �±

L, j to �±
R, j is

just the scattering transfer matrix of the original problem with
a different number of sites ( f wblock sites instead of N). Let
us write this matrix as T̂ j , bearing in mind that the subscript
j stands for dependence on all of the disorder variables that
appear in the jth disordered region. We then have(

�+
R, j

�−
R, j

)
= T̂ j

(
�+

L, j

�−
L, j

)
. (4.26)

Collecting the last several equations, we obtain the desired
factorization (4.9) with

T j = T̂ j

(
eik+[(1− f )wblock+1] 0

0 eik−[(1− f )wblock+1]

)
, (4.27)

in which the matrix multiplying on the right only introduces
unimportant phase factors. By construction, the disorder de-
pendence in the matrices T1, . . . , TNs is i.i.d. because the
disordered regions have no overlap. Thus, Eq. (4.10) applies.
In particular, in units of the original lattice spacing, we have

2/Lloc( f , t ) = 1

wblock

(
〈Rj〉 j − 2Re

[ 〈r j〉 j〈r′
j〉 j

1 + 〈r jr′
j/Rj〉 j

])
+ O(|r j |3). (4.28)

To complete the calculation, we next argue that the reflec-
tion amplitude of an individual block satisfies |r j | ∼ 	t . The
essential point is to show |r̂ j | ∼ 	t , where r̂ j is the reflection
amplitude associated with T̂ j ; once this is shown, we can eas-
ily account for the time dependence introduced by the phase
factors that appear in Eq. (4.27). Indeed, from Eq. (4.27) and
the general parametrization (4.8), we get

r j = r̂ je
i(k+−k− )[(1− f )wblock+1], (4.29a)

r′
j = r̂′

j . (4.29b)

From (4.22), we see that it suffices to take wblock to
be, e.g., 3�max/(1 − f ); in particular, (1 − f )wblock is then

independent of t . The momenta k± depend on t in a regular
way, i.e., k± = k(0)

± + O(	t ). Thus, we conclude that |r j | ∼
	t will follow from |r̂ j | ∼ 	t .

To argue that |r̂ j | ∼ 	t , we begin by emphasizing the dif-
ference between two limits of the original scattering problem
( f = 1): (1) If we fix 	t > 0 and send the sample size N to
infinity, then the magnitude of the sample reflection amplitude
goes to unity due to localization (|r1...N | → 1). This is the
regime we are interested in. However, for the purpose of
treating each disordered region as a version of the original
problem, it is more useful to consider the following limit. (2)
If we instead fix the system size N , then we have some expan-
sion of r1...N in powers of 	t . We claim that this expansion
generically starts at first order, i.e., r1...N ∼ 	t .

The key point in our argument for (2) is our statement in
Sec. II B, namely, that there are delocalized states through-
out the quasienergy spectrum at 	t = 0. In the scattering
framework, a state is delocalized if and only if its reflection
amplitude vanishes; that is, the disorder can only appear in the
transmission phases. Thus, at each quasienergy, there must be
a state with r1...N |	t=0 = 0. This shows that there is no zeroth
order term in the expansion of r1...N in 	t .

Generically, the first nonvanishing order should be linear
(	t), essentially because r1...N is an amplitude. Indeed, recall
that in static scattering problems, the reflection amplitudes
generically start at linear order in the scattering potential, in
the Born approximation. In Appendix D, we use the discrete-
time scattering formalism, as developed in Ref. [46], to verify
that r1...N indeed generically starts at linear order in 	t .

To obtain |r̂n| ∼ 	t , we apply (2) to each disordered
region. The size of each disordered region ( f wblock) is deter-
mined entirely by f and �max; in particular, it is independent
of t . Thus, we generically have |r̂n| ∼ 	t . From Eqs. (4.10),
we thus obtain 1/Lloc( f , t ) ∼ (	t )2, i.e., ν = 2 holds for any
f ∈ (0, 1).

Throughout the above argument, we have assumed U (t )
to be strictly local [Eq. (4.19)]. However, a generic drive is
only exponentially local, i.e., for sufficiently large |n − n′|
we have

|Unn′ (t )| � C(t )e−|n−n′ |/ξ (t ) (4.30)

for some constants C(t ) and ξ (t ) that are independent
of n, n′. We assume that we can replace C(t ) → C and
ξ (t ) → ξ for some t-independent constants C and ξ . Then,
we repeat the above arguments with �max fixed to any par-
ticular value satisfying �max � ξ . Although the disordered
unitary then differs slightly from the clean unitary even in
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FIG. 6. Illustration of the band structure of a more general two-
band drive Uclean(t ). A particular quasienergy ε is fixed, while 	t is
varied. Left: The midpoint of the drive (	t = 0). The solid line is
εA(k) and the dashed line is εB(k); they reflect the winding numbers
(1 and −1) of UAA(k) and UBB(k). Though some quasienergies have
higher degeneracy, there is a range of quasienergies that have twofold
degeneracy, with one right mover (k+) and one left mover (k−). Right:
Small, nonzero 	t . The values of k+ and k− depend on 	t , but there
remains a similar range of quasienergies with twofold degeneracy.

the clean regions, the difference can be made arbitrarily
small.

Finally, let us state what would need to be shown to obtain
the exponent ν = 2 in the original scattering problem. Our
argument above yields the small 	t expansion 1/Lloc( f , t ) =
A( f )
wblock

(	t )2 for some unknown function A( f ). Noting from
(4.22) that wblock → ∞ as f → 1, we see that ν = 2 can
be obtained in the limit f → 1 given the assumption that
A( f ) ∼ wblock.

2. Generalization of the clean drive.

We next generalize Uclean(t ) beyond the particular case of
the SSH-type drive. Here we note that the precise forms of
the Bloch function u(k) and of the two momenta k± were
not important in our calculation above; the essential point was
that the S matrix for the sample was 2 × 2. We can therefore
generalize our calculation to include any quasienergy at which
Uclean(t ) has twofold degeneracy for all t in some neighbor-
hood of Tdrive/2.

Let us consider the case that Uclean(t ) has two bands, which
we write as ε±(t, k). In momentum space, the block-diagonal
form (2.12) becomes

Uclean(Tdrive/2, k) =
(

UAA(k) 0

0 UBB(k)

)
, (4.31)

where, by assumption, UAA(k) and UBB(k) have winding num-
bers 1 and −1, respectively. The corresponding quasienergy
spectra εA(k) and εB(k) must go from ε = −2π/Tdrive to
2π/Tdrive, but need not do so monotonically. Example spectra
are sketched in Fig. 6.

For t close to but not equal to Tdrive/2, gaps open at all
band crossings. We define ε+(k) and ε−(k) to be the upper
and lower bands, respectively, and we focus for now on the
midpoint of the drive, at which the bands ε±(k) are defined by
taking the limit as t → Tdrive/2. [Note that the bands ε±(k) at
the midpoint are not the same as εA(k) and εB(k).] As is clear
from Fig. 6, there is generically some range of quasienergies
ε that have a twofold degeneracy with the two associated

momenta moving in opposite directions. It is for ε in this range
that our argument straightforwardly applies.

Let us explain this in more detail. For ε in some
range, we have ε = ε+(k−) = ε+(k+), vg(k+) > 0, and
vg(k−) < 0, where vg(k) = ∂ε+(k)/∂k is the group velocity.
(Here we assume for definiteness that ε lies in the upper
band.) Although we have considered ε±(k) at the midpoint
(t = Tdrive/2), allowing t to vary slightly from the midpoint
does not change the qualitative features; there remains a
similar range of quasienergies with the desired twofold de-
generacy. For quasienegies in this range, and for t sufficiently
close to the midpoint, the eigenstates of Uclean(t ) are linear
combinations of two (time-dependent) Bloch waves. We have
thus brought our localization problem, for a more general
class of topologically nontrivial drives, into the framework
of scattering with 2 × 2 matrices, at least for some range of
quasienergies.

We now present the scattering argument for the exponent
ν = 2 in this more general setting. A complication arises,
both in the basic setup of the scattering problem and in our
argument about inserting clean regions: although by assump-
tion Uclean(t ) has two bands, it may have eigenstates with
complex momenta when confined either to a half-line or to a
finite region. These eigenstates grow or decay exponentially in
position space; schematically, 〈n| |�ε (t )〉 ∼ e±n/rε (t ) for some
decay length rε (t ). [We emphasize that this length scale is
distinct from the operator decay length ξ (t ) that appears in
Eq. (4.30). Even a strictly local Uclean(t ) can have exponen-
tially decaying eigenstates, although the SSH-type drive of
Sec. III does not.] When we introduce disorder into sites
n = 1, . . . , N , the edge sites (n = 1 and N) can then be re-
garded as endpoints of half-lines that extend into the leads.
This implies that the eigenstate wavefunction in the leads
is generally not a linear combination solely of Bloch waves
[even at distances greater than ξ (t ) away from the sample];
there can also be contributions from modes that decay as
n → ±∞. The solution is simple: as usual in scattering the-
ory, the expansion in terms of Bloch waves [Eq. (4.20)] holds
for n → ±∞.

Similarly, we must note that the exponentially growing
and decaying eigenstates of Uclean(t ) can appear in each in-
serted clean region [even at distances greater than ξ (t ) from
the nearest disordered region]. To deal with this, we as-
sume that the decay lengths of the eigenstates of Uclean(t )
can be uniformly bounded, in the sense that there is a
fixed distance rε , independent of t , for which rε (t ) < rε

for all t (in some neighborhood of Tdrive/2). We choose
the constant �max to be much greater than rε , i.e., �max

satisfies

�max � max{ξ, rε}. (4.32)

Then, the expansions in terms of Bloch waves—both the basic
setup [Eq. (4.20)] and the more general expansions within
each clean region [Eq. (4.24)]—hold as written (up to error
that can be decreased arbitrarily by increasing �max). From this
point onward, our argument for the exponent ν = 2 proceeds
exactly as in the case that Uclean(t ) was taken to be the SSH-
type drive.

Thus, we have obtained the exponent ν = 2 provided
that we consider a quasienergy ε at which the clean drive
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(evaluated at the midpoint) has twofold degeneracy. In the
generic two-band case, there is a range of ε for which this
condition holds.

V. CONCLUSION

We considered the class AIII of Floquet drives in one
spatial dimension, focusing on drives with topological in-
dex equal to one. We argued that these drives exhibit a
localization-delocalization transition, with the localization
length diverging throughout the quasienergy spectrum at a
particular time (the midpoint of the loop part of the drive).
We obtained the delocalization exponent ν = 2 explicitly
in a simple model, checked it numerically in more com-
plicated models, and provided an analytical argument for
a class of models (based on some plausible assumptions).
We expect that some assumptions of the analytical argument
are not essential; for instance, the restriction to twofold de-
generacy in the clean drive. Also, we expect that the same
exponent holds for any nonzero value of the topological
index.

A basic assumption throughout this work is the chiral
symmetry, which relates the Hamiltonian to itself at dif-
ferent times. Since we focus on disordered systems, this
symmetry property could be difficult to achieve in a real
system. To address this, it would be interesting to see if
the exponent persists even if the symmetry holds only in a
disorder-averaged sense rather than holding for every disorder
realization [47]. Alternatively, the setup we discuss at the end
of Sec. II D, which yields the same exponent without appeal
to a time-dependent symmetry constraint, could be explored
further.

Another natural follow-up to this work would be to con-
sider the effect of interactions. The SSH-type drive we have
considered readily extends to an interacting spin model; note
also that the interacting generalization of the flow index is
known from Ref. [34]. The interacting generalization of our
work may provide an interesting example of a localization-
delocalization transition in a Floquet-many-body-localized
setting.
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APPENDIX A: FURTHER DETAILS FOR THE SSH-TYPE
DRIVE WITH ON-SITE DISORDER

1. Mapping to discrete-time quantum walk

In the main text, we showed that the eigenstate problem
[Eq. (2.15)] becomes Eqs. (3.11a) and (3.11b) in position
space. Here, we show that these equations are equivalent to
a special case of the generalized discrete-time quantum walk
studied in Ref. [19]. We start by reviewing the setup for the
discrete-time quantum walk [19].

The discrete-time quantum walk occurs on an infinite chain
with a two-component “spin” degree of freedom (↑, ↓) at
each site; a general state is written as |�〉 = ∑

n(�n,↑ |n,↑〉 +
�n,↓ |n,↓〉. A single time step is implemented by a unitary
operator Û = ŜÛcoin, where the shift Ŝ moves up (down)
spins one unit to the right (left) and where Ûcoin acts on
the spin degree of freedom at each site n as a unitary
2 × 2 matrix Ucoin,n. The matrix Ucoin,n is parameterized by
ϕn, ϕ1,n, ϕ2,n, and θn (in the same way as in Eq. (1) of
Ref. [19]).

The eigenstate equation for the discrete-time quantum
walk problem is Û |�〉 = e−iω |�〉. In position space, the
eigenstate equations become Eqs. (H1a) and (H2b) of
Ref. [43]. Our Eqs. (3.11a) and (3.11b) are in fact special
cases of (H1a) and (H2b) [with n relabeled as n − 1 in
(H1a) and as n + 1 in (H2b)] with the following choice of
parameters:

ϕn = 1
2 (φn,A + φn+1,B), (A1a)

ϕ1,n = 1
2 (φn,A − φn+1,B), (A1b)

ϕ2,n = − 1
2 (φn,A − φn+1,B) + π/2, (A1c)

θn = vn	t, (A1d)

and with the following correspondence of the basic variables:

�n,↑ ↔ �n,A, �n−1,↓ ↔ �n,B, ω ↔ εt . (A2)

Using this mapping, we can reproduce some of the results
below by translating results from the discrete-time quantum
walk case. However, for completeness we present the calcula-
tions directly in the case of the SSH-type drive.

2. Solution of the clean model

By Bloch’s theorem, a wavefunction that solves the eigen-
state equation (2.15) with some quasienergy ε(k) can be
written as

�n = u(k)eikn, (A3)
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where the Bloch function u(k) is a two-component spinor in
the sublattice index:

u(k) ≡
(

uA(k)
uB(k)

)
. (A4)

We proceed to solve for the quasienergies and Bloch
functions. From now on, we assume that are in the middle sec-
tion of the drive (Tdrive/ < t < 3π/2). We remove the disorder
from Eqs. (3.8a) and (3.8b) (by setting all φn,A = φn,B = 0) to
obtain

cos(	t ) �n−1,A + i sin(	t ) �n,B = e−iεt�n,A, (A5a)

i sin(	t ) �n,A + cos(	t ) �n+1,B = e−iεt�n,B. (A5b)

Substituting in the plane wave form given above, we obtain(
e−ik cos(	t ) i sin(	t )

i sin(	t ) eik cos(	t )

)
u(k) = e−iε(k)t u(k), (A6)

which we then solve to find the two bands of the model
(denoted + and −). The quasienergies of the two bands are
defined (modulo 2π/t) by

e−iε±(k)t = cos(	t ) cos k ∓ i
√

1 − cos2 	t cos2 k, (A7)

and the unit-normalized Bloch spinors are

u±(k) = sgnk

N±(k)

(
sin(	t )

cos(	t ) sin k ∓
√

1 − cos2 	t cos2 k

)
,

(A8)

where the prefactor of sgnk is chosen for convenience and
where N±(k) is a normalization factor:

N±(k) =
√

2(1 − cos2 	t cos2 k ∓ cos(	t ) sin k
√

1 − cos2 	t cos2 k). (A9)

The first Brilluoin zone is |k| < π and ε±(k) is fixed by
requiring |ε±(k)t | < π . The resulting two bands are shown in
Fig. 1.

3. Calculation of the localization length

a. Position space calculation

Here we obtain Eq. (3.15) using a result from Schrader
et al. [38]. For a summary of their setup in a notation similar
to that used in this paper, and also for a calculation that
includes that below as a special case (using the mapping from
Appendix A 1), see Appendix B of Ref. [43].

As we point out in the main text, the (position-space)
transfer matrix Mn satisfies M†

nσ
zMn = σ z. Reference [38]

instead considers matrices satisfying the same condition with
σ z replaced by σ y; however, as they point out, the two types of
matrix are isomorphic. We therefore start by defining a matrix
Kn that is isomorphic to Mn: in particular, Kn = CMnC−1,
where the unitary matrix C is given by [38]

C ≡ 1√
2

(
i i
1 −1

)
. (A10)

Then Kn satisfies the σ y condition.
Equation (3.14) can be written in terms of the Kn

matrices as

γ (t ) = lim
N→∞

1

N
〈ln ||KN . . . K1||〉1...N , (A11)

Note that in passing from Eq. (3.14) to Eq. (A11), we
dropped boundary terms that make no contribution in the limit
N → ∞.

Reference [38] calculates (A11) to leading order in a small
parameter λ which is given in our case by λ = 	t . To use the
result from Ref. [38], we must verify that Kn (there denoted
Tλ,σ ) satisfies the necessary properties. First, we check that
the matrices Kn commute with each other at 	t = 0. At the

point 	t = 0, we have

Mn =
(

ei(πε+φn,A ) 0
0 e−i(πε+φn+1,B )

)
, (A12)

which implies, in particular, that [Mn,Mn′ ]|	t=0 = 0; then
the same is true for the Kn matrices, by linearity. Second, we
must check the trace condition |TrKn|	t=0| < 2, which in our
case reduces to

|ei(πε+φn,A ) + e−i(πε+φn+1,B | < 2. (A13)

At worst, the left-hand side can equal 2, but only in a fine-
tuned case; generically, the inequality is satisfied.

We then define

ηn = πε + 1
2 (φn,A + φn+1,B), (A14a)

ξn = 1
2 (φn,A + φn+1,B), (A14b)

Pn =
(

vn sin(φn,A + πε) vn cos(φn,A + πε) − ε

vn cos(φn,A + πε) + ε −vn sin(φn,A + πε)

)
.

(A14c)

Note that Pn is real and traceless. We then have, by a straight-
forward calculation, a parametrization of the form of Eq. (8)
from Ref. [38]:

Kn = eiξn Rηn (I + 	tPn) + O((	t )2), (A15)

where Rηn is the 2 × 2 matrix that rotates by the angle ηn.
[Eq. (8) in Ref. [38] also includes a matrix M ∈ SL(2,R),
which is in our case the identity matrix, and another matrix Qn

that is not needed for our purposes.] The constant βn defined
(in a slightly different notation) by Eq. (9) from Ref. [38] is
then found to be

βn = −ivnei(πε+φn,A ). (A16)

Finally, substituting Eqs. (A14a) and (A16) into Eq. (22) of
Ref. [38] yields Eq. (3.15) from the main text.
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b. Scattering calculation

In Sec. IV A, we obtained the inverse localization length
at leading order in 	t [Eq. (3.15)] by applying the scattering
formula (4.10) to the auxiliary problem defined by Eq. (4.17).
This required us to show that the auxiliary problem has the
same localization length as the original problem. In this sec-
tion, we apply Eq. (4.10) directly to the original problem,
yielding the same result (3.15).

Without loss of generality, we fix ε > 0 and consider
	t > 0. The scattering momentum k > 0 and the Bloch func-
tion u(k) vary with t . Expanding in 	t , we readily obtain

k = πε + O((	t )2), (A17a)

u(k) =
(

1
− 1

2 (csc k)	t

)
+ O((	t )2), (A17b)

u(−k) =
(− 1

2 (csc k)	t
1

)
+ O((	t )2). (A17c)

Then, from Eqs. (3.13), (4.13), and (4.16), we calculate the
scattering transfer matrix Tn as an expansion in 	t . We
only need the reflection amplitudes at linear order in 	t ,
and they can be obtained straightforwardly using the general
parametrization (4.8):

rn = 1
2 (csc k − ei(2k+φn,A+φn+1,B ) csc k + 2ivnei(k+φn,A ) )	t

+ O((	t ))2, (A18a)

r′
n = 1

2 (csc k − ei(2k+φn,A+φn+1,B ) csc k + 2ivnei(k+φn+1,B ) )	t

+ O((	t ))2. (A18b)

Substitution into Eq. (4.10) yields Eq. (3.15) from the main
text once again.

c. Full phase disorder

To obtain Eq. (4.18), we start by recalling a result from
Ref. [45]. Consider a general scattering problem in which we
have the factorization (4.9) with Ns = N (hence we will write
T j ≡ Tn). Let Tn be parametrized by rn, r′

n, tn, and t ′
n, as in

Eq. (4.8). If, at sufficiently large system size N , we have the

following phase uniformity condition:

Arg[r′
1...N rN+1] is distributed uniformly in [−π, π ],

independently of |rN+1|, (A19)

then Ref. [45] shows

2

Lloc
= 〈− ln Tn〉n, (A20)

where Tn = |tn|2 = |t ′
n|2 is the transmission coefficient and

where the disorder average is taken over any site n =
1, . . . , N . Since Arg[r′

1...N rN+1] = Arg[r′
1...N ] + Arg[rN+1],

one simple case in which the condition (A19) holds is the
following: Arg[rn] is distributed uniformly in [−π, π ], inde-
pendently of |rn|.

We now apply this result to the SSH-type drive with on-site
phase disorder. (We do not consider bond disorder because
this was only defined for times t near the midpoint, whereas
here our concern is to find an answer for all t .) It is simplest to
work with the auxiliary problem defined by Eq. (4.17). Setting
vn = 1 in Eq. (3.13), we get Arg[r̃n] = εt + φn,A + π

2 sgn	t
and |r̃n| = | sin 	t |. Thus, if φn,A is uniformly distributed in
[−π, π ], then the condition (A19) holds, and (A20) yields
Eq. (4.18) from the main text.

APPENDIX B: TRANSFER MATRIX FOR THE SSH-TYPE
DRIVE WITH DIMER DISORDER

Here we derive the transfer matrix relation (3.19a) and
the explicit expression for the transfer matrix Mn,A for the
A sites. To simplify the notation, we relabel the four sites
|2n − 1, A〉, |2n − 1, B〉, |2n, A〉 and |2n, B〉 as |n, a〉 , |n, b〉,
|n, c〉 and |n, d〉, respectively. We write the disordered unitary
matrices Un,α (α = A or B) as

Un,A =
(

U aa
n U ac

n

U ca
n U cc

n

)
, Un,B =

(
U bb

n U bd
n

U db
n U dd

n

)
. (B1)

It is straightforward to show that the eigenstate equa-
tion (2.15) becomes the following four equations in position
space:

e−iεt�n,a = cos(	t )
(
U ca

n−1�n−1,a + U cc
n−1�n−1,c

) + i sin(	t )
(
U bb

n �n,b + U bd
n �n,d

)
, (B2a)

e−iεt�n,b = i sin(	t )
(
U aa

n �n,a + U ac
n �n,c

) + cos(	t )
(
U db

n �n,b + U dd
n �n,d

)
, (B2b)

e−iεt�n,c = cos(	t )
(
U aa

n �n,a + U ac
n �n,c

) + i sin(	t )
(
U db

n �n,b + U dd
n �n,d

)
, (B2c)

e−iεt�n,d = i sin(	t )
(
U ca

n �n,a + U cc
n �n,c

) + cos(	t )
(
U bb

n+1�n+1,b + U bd
n+1�n+1,d

)
. (B2d)

We use the second and third equations to eliminate �n,b and �n,c [this is expressed by Eq. (3.19b)]. From the first and fourth
equations, we then obtain (

�n+1,a

�n+1,d

)
= Mn,dimer

(
�n,a

�n,d

)
, (B3)

where the transfer matrix Mn,dimer is given below. Note that this is the same as Eq. (3.19a) from the main text.
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To present the transfer matrix, we first define

Dn = 1 + U ac
n U db

n e2iεt − cos(	t )
(
U ac

n + U db
n

)
eiεt , (B4a)

En = [
U aa

n U cc
n − U ca

n

(
U ac

n + U db
n

)]
eiεt , (B4b)

Fn = U ca
n + U db

n

(
U ac

n U ca
n − U aa

n U cc
n

)
e2iεt , (B4c)

Gn = U bd
n + U ac

n (U bd
n U db

n − U bb
n U dd

n )e2iεt + cos(	t )
[
U bb

n U dd
n − U bd

n

(
U ac

n + U db
n

)]
eiεt .

(B4d)

Then the transfer matrix is

Mn,dimer =
(
Maa

n,dimer Mad
n,dimer

Mda
n,dimer Mdd

n,dimer

)
, (B5)

with the following matrix elements:

Maa
n,dimer = [En + sec(	t )Fn]

Dn
eiεt , (B6a)

Mad
n,dimer = i{tan(	t )

[
1 + (

U ac
n U db

n + U cc
n U dd

n

)
e2iεt

] − sin(	t )
(
U ac

n + U db
n

)
eiεt

}/
Dn, (B6b)

Mda
n,dimer = −i

sin(	t )En + tan(	t )Fn

DnGn+1

[
1 + (

U aa
n+1U

bb
n+1 + U ac

n+1U
db
n+1

)
e2iεt − cos(	t )

(
U ac

n+1 + U db
n+1

)
eiεt

]
, (B6c)

Mdd
n,dimer = {

sec(	t)
(
1 + e2itεU ac

n U db
n

)(
1 + e2itεU ac

n+1U
db
n+1

)
cos(	t)eitε

× [(
U ac

n + U db
n

)(
U ac

n+1 + U db
n+1

) + sin2(	t)e2itεU aa
n+1U

bb
n+1U

cc
n U dd

n

] − e2itεU ac
n+1U

db
n U db

n+1 − U ac
n+1 − U db

n+1 − U db
n

−U ac
n

{
1 + e2itε

[
U ac

n+1U
db
n+1 + U db

n

(
U ac

n+1 + U db
n+1

)]}− sin2(	t)e2itε
[
U aa

n+1U
bb
n+1

(
U ac

n + U db
n

) + U cc
n U dd

n

(
U ac

n+1 + U db
n+1

)]
+ sin(	t) tan(	t)eitε

[
U aa

n+1U
bb
n+1

(
1 + e2itεU ac

n U db
n

) + U cc
n U dd

n

(
1 + e2itεU ac

n+1U
db
n+1

)]
+ sin3(	t) tan(	t) + e3itεU aa

n+1U
bb
n+1U

cc
n U dd

n

}/
(DnGn+1). (B6d)

APPENDIX C: DISORDER REMAINS SHORT-RANGED
UNDER LOOP DECOMPOSITION

An important part of our scattering argument in Sec. IV
is the assumption that the disorder in the loop drive is short-
ranged. In this Appendix, we do some basic numerical checks
to verify that this is a reasonable assumption, taking as a
starting point that the disorder in the original (nonloop) drive
is short-ranged.

Roughly speaking, the scenario we wish to rule out is the
following. If the original drive is a finite-sized disordered
sample (see below), one could question if the loop drive is
also described by a finite-sized disordered sample. If instead
it turns out that the loop decomposition spreads the disorder
through the entire system, this would seem to make a scatter-
ing treatment impossible.

More precisely, instead of taking the loop drive to have the
form of Eqs. (4.1) and (4.2), we assume that the original drive
takes that form, i.e.,

H(t ) = Hclean(t ) + Hdisorder(t ), (C1)

where

Hdisorder(t ) =
∑

n

�′
n(t ), (C2)

and each operator �′
n(t ) is exponentially localized near the

site n. We then do the loop decomposition, as described in
Sec. II A, on both H(t ) and Hclean(t ); this yields loop drives

U (t ) and Uclean(t ). To match the main text setup exactly,
we would need to find that the loop Hamiltonian takes the
form (4.1) and (4.2). However, this requirement may be too
stringent.

A weaker condition that should still suffice for our pur-
poses is that U (t ) should be suitable for a scattering treatment.
In particular, if we define a disordered sample in the usual
way, by setting �′

n(t ) = 0 for all n � 0 and n � N + 1, we
would then like to find that Unn′ (t ) → Uclean,nn′ (t ) far from the
disordered region.

We have verified this condition numerically in a particular
example of a nonloop drive. We consider the SSH-type drive
from the main text, generalized to have arbitrary coefficients
in front of the trivial and topological SSH Hamiltonians. Thus,
we define

H1,clean = h1

∑
n

(|n, A〉 〈n, B| + H.c.), (C3a)

H2 = H2,clean + H2,d , (C3b)

H2,clean = −h2

∑
n

(|n + 1, A〉 〈n, B| + H.c.), (C3c)

H(t ) =

⎧⎪⎪⎨⎪⎪⎩
H1,clean 0 � t < Tdrive

4

H2
Tdrive

4 � t � 3Tdrive
4

H1,clean
3Tdrive

4 < t � Tdrive,

(C3d)
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FIG. 7. Numerical check that localized disorder does not spread
under the loop decomposition. We consider the model described in
the main text with system size L = 27, parameters h1 = 0.9, h2 =
1.62, Tdrive = 2π, t = Tdrive/2 + 0.01, hd = 0.2, and the defect site
n0 = 13. We fix α = α′ = A, but similar results were obtained for
other values. In the main plot, we set n = 14. The inset plots the
quantity (C6), which is maximal at n = 14.

with Hclean(t ) defined similarly (by setting H2,d = 0). For
h1 = h2 = 2π/Tdrive, Hclean(t ) is the same as the SSH-type
drive from the main text; more generally, the drive has chiral
symmetry but is not a loop. We have assumed for definiteness
that the disorder is only in H2. We further specialize to the
disorder being a single defect at the bond connecting two
adjacent sites n0 and n0 + 1:

H2,d = hd (|n0 + 1, A〉 〈n0, B| + H.c.). (C4)

Putting the system on a ring of L sites, we do exact diag-
onalization to calculate the loop drive U (t ) near the midpoint
using Eq. (2.8) and HF = (i/Tdrive) lnU (Tdrive). To test if the
defect spreads under the loop decomposition, we examine
matrix elements of the operator

	U (t ) ≡ U (t ) − Uclean(t ). (C5)

We first consider the quantity

max{|	Un′α′,nα (t )|}1�n′�L (α, α′ ∈ {A, B}) (C6)

as a function of n, finding that it is peaked at the defect
(i.e., at n = n0 or n0 + 1). We then fix n at the peak value
and confirm that |	Un′α′,nα (t )| decays rapidly with increasing
|n′ − n| (Fig. 7).

We obtained similar results in the case of a phase defect,
where we define a chiral-symmetric nonloop drive in the same
way as in Eq. (2.21). The disordered unitary Ud is defined by
setting all phases in Eq. (3.6) to zero except a single φn0,A. In

this case, we again found that the loop drive differs from the
clean loop drive only near the defect site n0.

APPENDIX D: REFLECTION AMPLITUDE
STARTS AT LINEAR ORDER

Consider the scattering problem as defined in Sec. IV, with
a disordered region of size N connected to clean leads, at some
arbitrary 	t . In this section, we use the notation

U0 = Uclean(Tdrive/2), (D1a)

Ũ = U (Tdrive/2), (D1b)

U = U (Tdrive/2 + 	t ), (D1c)

and we also write

Ũ = U0 + Ṽ , (D2a)

U = U0 + Ṽ + V, (D2b)

where the disorder terms V and Ṽ are exponentially localized
to the sample region (the sites 1, . . . , N).

Our task is to show the following: If the scattering problem
for Ũ has zero reflection, then the scattering problem for U
has reflection that generically starts at linear order in V . This
suffices because V generically starts at linear order in 	t [see
Eq. (2.22)].

We now proceed using the general scattering framework
developed in Ref. [46] for discrete-time problems. Consider
an eigenstate |�〉 of U0 with some definite momentum (ei-
ther right-moving or left-moving) and eigenvalue e−iω. The
corresponding scattering “in” states for Ũ and U satisfy the
appropriate Lippmann-Schwinger equation:

|�̃in〉 = |�〉 + G0Ṽ |�̃in〉, (D3a)

|�in〉 = |�〉 + G0(Ṽ + V ) |�in〉 , (D3b)

where G0 = (e−i(ω+i0+ ) − U0)−1 is the free Green’s function
[46]. Indeed, Eqs. (D3a) and (D3b) follow from Eq. (S.3)
from the Supplemental Material of Ref. [46] and the relation
|�in〉 = �+ |�〉 (see also their footnote 53).

A similar equation relating the two scattering states is then
readily obtained:

|�in〉 = |�̃in〉 + G̃V |�in〉 , (D4)

where G̃ = (e−i(ω+i0+ ) − Ũ )−1 is the Green’s function of Ũ .
Expanding in V , we get

|�in〉 = |�̃in〉 + G̃V |�̃in〉 + O(V 2). (D5)

By assumption, |�̃〉 has zero reflection, i.e., its wavefunc-
tion agrees with that of |�〉 for n → −∞ (assuming for
definiteness that |�〉 is right-moving). The term linear in V
generically has nonvanishing amplitude for n → −∞, thus
yielding the reflection amplitude (r1...N ) starting at linear
order in V .
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